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Light cone spreading of correlations and entanglement is a key feature of the non-equilibrium quench dy-
namics of many-body quantum systems. First proposed theoretically [1], it has been experimentally revealed in
cold-atomic gases [2, 3] and it is expected to be a generic characteristic of any quench in systems with short-
range interactions and no disorder. Conversely, here we propose a mechanism that, through confinement of the
elementary excitations, strongly suppresses the light-cone spreading. Confinement is a celebrated concept in
particle physics, but it also exists in condensed matter systems, most notably in one spatial dimension where it
has been experimentally observed [4]. Our results are obtained for the Ising spin chain with transverse and lon-
gitudinal magnetic field, but the proposed mechanism is of general validity since it is based on the sole concept
of confinement and it should be easily observed in cold atom experiments.
It is widely known that some fundamental constituents of
matter, the quarks, cannot be observed free in nature because
they are confined into baryons and mesons, as a consequence
of the fact that the strong interaction between them increases
with their separation. It is less known that this phenomenon
also occurs in condensed matter and statistical physics as
nowadays experimentally demonstrated in several quasi one-
dimensional compounds [4]. Most of the theoretical and ex-
perimental studies so far concentrated on understanding the
consequences of confinement for the equilibrium physics of
both high energy and condensed matter systems. Here instead
we show that confinement has dramatic consequences for the
non-equilibrium dynamics following a quantum quench and
that this can also be used effectively as a quantitative probe of
confinement.
A global quantum quench is the non-equilibrium dynamics
initiated by a sudden change of a parameter in the Hamiltonian
of an isolated quantum system, a protocol which is routinely
engineered in cold-atom experiments [2, 3, 5–11]. Accord-
ing to a by now standard picture [1], the initial state acts as
a source of quasiparticles excitations. A quasiparticle of mo-
mentum p moves with velocity vp and carries quantum cor-
relations through the systems. Indeed, particles emitted from
regions of size of the initial correlation length are entangled,
while particles created far from each other are incoherent. If
there is a maximum speed of propagation vmax ≥ vp (e.g.
as a consequence of the Lieb–Robinson bound [12]) all con-
nected correlations at distance ` vanish for times such that
2vmaxt < ` [1] and the entanglement entropy of an interval
of length ` grows linearly in the same time window [13]. This
scenario has been confirmed by numerous exact calculations
and numerical simulations (see e.g. [14]) both in integrable
and nonintegrable models and tested in real experiments both
for correlations [2] and entanglement [3]. To the best of our
knowledge, up to now violations of light cone spreading have
only been observed in models with quenched disorder [15]
and systems with long-range interactions [16], but these lie
beyond the range of applicability of the above argument.
How can confinement change qualitatively the spreading of
correlations? Exactly as in the standard scenario, the initial
state acts as a source of quasiparticles. Pairs of quasiparticles
move in opposite directions, but due to the confining poten-
tial the farther they go apart the stronger is the attractive force
they feel, which eventually turns the particles back leading to
an oscillatory behaviour, as depicted in Fig. 1. In analogy
to strong interaction physics, the resulting bound states are
called mesons. After a generic quench, mesons can be pro-
duced in pairs of opposite momenta, but being (as we shall
see) heavy massive particles they move much slower than the
elementary quasiparticles, resulting in light-cone phenomena
which are qualitatively different from the unconfined case.
Confinement is known to take place in one of the paradig-
matic models of statistical mechanics, namely the Ising chain
in both transverse (hz) and longitudinal (hx) magnetic fields
with Hamiltonian
H = −J
∞∑
j=−∞
[
σxj σ
x
j+1 + hzσ
z
j + hxσ
x
j
]
, (1)
where σαj are the Pauli matrices. This model has been already
engineered with cold atoms [17] and quench protocols have
been implemented by using Feshbach resonance [9].
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Fig. 1: Sketch...
FIG. 1: Pictorial semiclassical picture of a meson state in the Ising
model: two counter-propagating domain walls bounce back and forth
because of a confining interaction.
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2For hx = 0, the Hamiltonian (1) can be diagonalised by a
Jordan–Wigner mapping to free spinless Majorana fermions
with the dispersion relation (k) = 2J
√
1− 2hz cos k + h2z
[23]. At hz = 1 the system has a quantum critical point
separating the paramagnetic and ferromagnetic phases. For
hz < 1 the system is in the gapped ferromagnetic phase
where the massive fermions can be thought of as freely prop-
agating domain walls separating domains of magnetisation
σ¯ = (1 − h2z)1/8. Switching on a non-zero field hx induces
a linear attractive potential between pairs of domain walls
which enclose a domain of length d and of magnetisation op-
posite to hx. For small hx, the potential can be approximated
as V (d) = χ · d with χ = 2Jhxσ¯ [18]. As a result, the
domain walls are confined into bound states (mesons), a sce-
nario first proposed by McCoy and Wu [18]. For hz > 1 and
hx 6= 0 the physics is very different and there is no confine-
ment [19]. The model for hx 6= 0 is no longer integrable and
the spectrum can only be described by resorting to various ap-
proximations, such as e.g. field-theoretical ones [19–21] that
are valid in the vicinity of the critical point hz = 1. Here we
use a different approach: the low-density approximation of
Ref. [22], which describes the energy levels very accurately
when the system is far away from the critical point. In the
Supplementary Material [23] we report the details of this ap-
proximation and several pieces of evidence of its applicability
for the values of magnetic fields of interest. This approxima-
tion allows us to calculate all the properties of the mesons we
need, namely their number, masses, and velocities.
To simulate the time evolution of the quantum quench we
use an iTEBD [24] algorithm, details of which are reported
in [23]. In the following we report numerical results for sev-
eral observables, building up the evidence that the observed
dynamics is governed by confinement effects and it is dramat-
ically different from the unconfined one.
Expectation value of the order parameter. We first consider
the time evolution of the order parameter, i.e. the magnetisa-
tion 〈σx(t)〉. We recall that in the integrable case with van-
ishing longitudinal field, 〈σx(t)〉 decays to zero exponentially
for any quench within the ferromagnetic phase [25] (see also
[23]). For non-zero hx, we report the iTEBD data for 〈σx(t)〉
in Fig. 2 (top) for two representative quenches, but the results
are qualitatively the same for all the values of initial and final
fields we considered within the ferromagnetic phase. It is ev-
ident from the figure that a small longitudinal field radically
alters the dynamics, turning the exponential relaxation into
an oscillatory behaviour with numerous different frequencies.
The qualitative change of the dynamics is the consequence of
confinement. This can be demonstrated by extracting the os-
cillation frequencies with a discrete Fourier transform of the
time series, which are reported in Fig. 2 (bottom). The domi-
nant frequencies in the resulting power spectrum are compati-
ble, to a surprising high degree of accuracy, with the masses of
the mesons and their differences (obtained explicitly in [23]).
On the more technical side, we observe that this dynam-
ics shows rather weak finite size effects. Indeed, in the figure
the iTEBD data (valid for infinite chains) are almost indistin-
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FIG. 2: Upper panels: Time evolution of the longitudinal magneti-
sation 〈σx(t)〉 after quenching from hz = 0.5, hx = 0 to hz = 0.25
and hx = 0.1, 0.2. Dots are iTEBD results, lines are exact diagonal-
isation results for L = 8, . . . , 12,. Lower panels: power spectrum
of 〈σx(t)〉 in which the dashed vertical lines show the meson masses
and their differences.
guishable (up to a given time that grows with the chain length)
from the exact diagonalisation results for chains of length be-
tween 8 and 12.
The two-point function is the quantity that shows the
strongest effects of confinement. Indeed, when the interaction
hx is turned on, the propagating particles are the heavy mas-
sive mesons and not the light domain walls. Mesons propagate
with a maximal velocity which is smaller than that of the do-
main walls: as shown in the Supplementary Material, together
with the masses of the mesons, their dispersion relations and
velocities can also be readily obtained in the zero-density ap-
proximation.
However, it turns out that the effect of confinement in some
cases is even stronger than an already dramatic and non-
perturbative change of speed of propagation. Let us, for ex-
ample, consider the quench from the fully ferromagnetic state
(all spins up, i.e. the ground-state at hz = 0) to the points
with hz = 0.25 and varying hx from 0 to 0.4. In Fig. 3 we
report the equal time connected longitudinal spin-spin corre-
lation function 〈σx1σxm+1〉c. If hx = 0, we recover the inte-
grable dynamics that was solved exactly in [25] with a clear
light cone spreading. For a small value of hx = 0.025, we see
that for relatively short times (up to t ∼ 20 = 2/hx in units
of J) the correlation follows qualitatively the integrable be-
haviour, but then it gets drastically slowed down and bounces
back. By further increasing hx, the region where there is light
cone propagation shrinks to an almost invisible portion of the
space-time. What happens is that due to the heavy masses of
the mesons, the quench only provides sufficient energy to pro-
duce them at rest. This can be understood quantitatively for
3FIG. 3: Connected longitudinal spin-spin correlation function
〈σx1σxm+1〉c after quenching to the ferromagnetic point hz = 0.25
with a longitudinal magnetic field hx = 0, 0.025, 0.05, 0.1, 0.2, 0.4.
small hx. For a quench with hx = 0, the initial state can be
written in term of the post-quench eigenstates as [25]
|ψ0〉 =
∏
k>0
(1 + iK(k)a†ka
†
−k)|0〉, (2)
where the explicit form of K(k) is given in [23]. Let us add
now a field hx in the post-quench Hamiltonian that confines
the fermions into mesons. If K(k) is small, the state is domi-
nated by the linear terms in the expansion of the above product
and there are only pairs of fermions with momentum (k,−k).
These can only form mesons of zero momentum. Quadratic
terms like K(k)K(k′)|k,−k, k′,−k′〉 are small corrections
but they produce pairs of mesons with non-zero momenta, e.g.
±(k±k′) (higher order terms give rise to similar pairs). When
instead K(k) is of order one, all these terms are of the same
order and mesons propagate (in pairs) with their own velocity
after the quench.
For the quench reported in Fig. 3 (from hz = 0 to
hz = 0.25), K(k) is small ( 1) for all momenta and prac-
tically only zero-momentum mesons are formed. It should be
however clear that zooming in the ”white” region (i.e. the
one apparently without signal) in Fig. 3, traces of mesons
with non-zero velocities should be visible. For this reason,
we report in Fig. 4 the same connected correlation already
displayed in Fig. 3 but on a different intensity scale. Here,
the orange regions correspond to values that are out of range.
All the visible signal of Fig. 3 falls in these regions. The
signal displayed in Fig. 4 is approximately 3 orders of mag-
nitude smaller than that in Fig. 3 and shows a feeble light
cone characterised by a velocity different from that of the do-
main walls (dashed lines). We report the maximum value of
the meson velocity (full lines) obtained in the low density ap-
proximation: it is evident that for all values of hx this velocity
describes incredibly well the slope of the light cone.
It is very important to stress once more that these confine-
ment effects are non-perturbative: a very small perturbation
FIG. 4: The same correlation function in Fig. 3 but on a different
scale: the plotted signal is around 10−3 times the one in Fig. 3 and
the orange regions represent out of range values of the correlation
function.
such as hx = 0.025 is enough to destroy completely the sharp
light cone of the integrable model.
As a further confirmation of the above scenario it is natural
to consider a very large quench to a confining Hamiltonian in
such a way that K(k) in Eq. (2) is not small and mesons with
non-zero velocities are formed with high probability. In Fig. 5
(top) we report the connected correlations corresponding to a
quench from the paramagnetic phase (hz = 2, hx = 0) to the
ferromagnetic confining one (hz = 0.25, varying hx). In this
case the light cones are visible without zooming. Their veloc-
ities always correspond to the maximal speed of the mesons
(reported as a straight line). A final check for the validity
of the overall scenario is that for quenches to the paramag-
netic phase in the presence of an external longitudinal field
there should not be any strong change in the light-cone since
there is no confinement. This is quite apparent in Fig. 5 (bot-
tom) where we report the data for a quench from hz = 2 and
hx = 0 to hz = 1.75 and varying hx. It is clear that adding
the magnetic field hx does not alter the qualitative shape of
the light-cone.
We have also studied the connected correlation function of
the transverse component of the spin (density in the fermionic
language). This correlation function also reflects the change
of the light cone due to the modified velocity of the mesons.
We report the corresponding density plots in the Supplemen-
tary Material [23]. Furthermore, we also examined quenches
from and to several other values of the two magnetic fields
in the Hamiltonian, and the overall picture for the correlation
functions is found to be the one we extracted from the first few
examples, so we stress that our conclusions are very general
and not limited to the reported cases.
Entanglement entropy is another important probe (indeed
a true smoking gun) for the quasi-particle propagation and
hence light cone effects [13]. It is defined as the von Neu-
mann entropy SA = −TrρA ln ρA of the reduced density ma-
trix ρA of a subsystem A. This can be readily accessed by the
4FIG. 5: Absolute value of the correlation function 〈σx1σxm+1〉c for:
(upper panel) quench from the paramagnetic phase (hz = 2, hx = 0)
to the ferromagnetic one (hz = 0.25, varying hx); (lower panel)
quench within the paramagnetic case from hz = 2 and hx = 0 to
hz = 1.75 and varying hx. While in the confining phase the light
cone experiences a drastic non-perturbative change, in the paramag-
netic phase it is only perturbatively modified.
iTEBD method, especially for the case when A corresponds
to half of the system. The obtained numerical results are re-
ported for three sets of quenches in Fig. 6, two within the
ferromagnetic phase and one across the critical point to the
ferromagnetic phase. We consider several different final val-
ues of the longitudinal fields. For zero hx, we observe a pro-
nounced linear growth in time of the entanglement entropy
in perfect agreement with the known exact results [26]. In
all cases, by turning on the interaction hz , the growth of the
entanglement entropy is considerably slowed down and prac-
tically saturates (during the observation time) for quenches
within the ferromagnetic phase. The latter correspond to cases
in which the light-cone of the two-point function is strongly
suppressed (i.e. practically invisible). As explained above,
this is a consequence of the fact that mesons are predomi-
nantly produced at rest and then the entanglement just oscil-
lates around a saturation value, as in the left panel of Fig. 6.
Actually the small fraction of mesons with non-negligible ve-
locities should produce a very slow increase of the entangle-
ment which however is likely too small to be observed. In the
case of a quench across the critical point, the increase of the
entanglement entropy is only reduced because of the produc-
tion of many mesons with non-vanishing velocities. Overall,
the data for the entanglement are compatible with the con-
finement scenario drawn for the correlations. In [23] we also
report some results for quenches in the non-confining phase to
show that confinement effects are absent in that case.
Furthermore, the frequencies of the oscillations of the en-
tanglement entropy are also in rough agreement with the me-
son masses and their differences, but a more accurate analysis
(similar to the case of the one-point function) is difficult due to
the presence of a long transient and the constant drift. In [23]
we show that for a quench only in hx (i.e. leaving hz con-
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FIG. 6: Time evolution of the half-chain entanglement entropy after a
quench to the confining phase. Left: starting from the ferromagnetic
phase (hz = 0). Right: starting from the paramagnetic phase hz =
2, hx = 0.
stant), these frequencies can be extracted effectively because
there is no drift.
Discussions and further developments. We have given com-
pelling arguments and numerical evidence showing that con-
finement strongly affects the non-equilibrium dynamics fol-
lowing a quantum quench. The main effect is a dramatic
change of the light-cone structure of correlation functions and
entanglement entropy. At the same time, the one-point func-
tions oscillates in time with frequencies equal to the meson
masses. These effects should be easily measurable in cold
atom experiments: we expect that corrections due to the trap-
ping harmonic potential should be as small as the almost neg-
ligible finite size effects we observed in the numerics. Fur-
thermore, our results show that the quench dynamics can be
used (both numerically and experimentally) to probe the con-
finement and have direct access to the meson masses from
the power spectrum of the one-point functions. This ‘quench
spectroscopy’ could turn out to be more powerful than stan-
dard equilibrium methods to measure the spectrum.
We can speculate on a few other consequences and appli-
cations of our work. It was noticed some time ago [27], that
in some quenches within the Hamiltonian (1) the system does
not approach asymptotically a thermal stationary state as ex-
pected based on the non-integrability of the model. One could
speculate that because of confinement, there are rare states in
the spectrum which prevent eigenstate thermalisation hypoth-
esis [28] to be applied. Along the same line of thought, it is
also clear that even if these confined systems eventually ther-
malise, the standard prethermalisation scenario [29] for weak
integrability breaking cannot be applied, since a small pertur-
bation not only changes the long time asymptotic expectation
values, but completely alters the dynamics even at short time
scales.
Finally, confinement is expected to have similar effects also
in higher dimensions and so for the theory of strong interac-
tions. It is natural to wonder what the consequences are for re-
alistic non-equilibrium situations in quantum chromodynam-
ics such as the quark-gluon plasma in hadron colliders. While
even approximate field-theoretical calculations for strong in-
teractions are beyond our reach, holographic methods have
5been successfully applied to the study of standard light cone
phenomena [30] and to quenches in confining theories [31]
could be insightful to understand this fascinating problem.
Acknowledgments. We are grateful to R. M. Konik and J.
Cardy for helpful discussions. This work was supported by the
ERC under Starting Grant 279391 EDEQS (PC and MC). MK
thanks SISSA for hospitality and was partially supported by
a Janos Bolyai Research Scholarship of the HAS. This work
was also partially supported by the CNR-HAS bilateral grant
SNK-84/2013.
[1] P. Calabrese and J. Cardy, Phys. Rev. Lett. 96, 136801 (2006); J.
Stat. Mech. P06008 (2007).
[2] M. Cheneau, P. Barmettler, D. Poletti, M. Endres, P. Schauss, T.
Fukuhara, C. Gross, I. Bloch, C. Kollath, and S. Kuhr, Nature
481, 484 (2012).
[3] A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko, P.
M. Preiss, and M. Greiner, arXiv:1603.04409.
[4] B. Lake et al., Nature Phys. 6, 50 (2009); R. Coldea et al., Sci-
ence 327, 177 (2010); C. Morris et al., Phys. Rev. Lett. 112,
137403 (2014); B. Greiner et al., Phys. Rev. Lett. 114, 017201
(2015); Z. Wang et al, 1512.01753.
[5] T. Kinoshita, T. Wenger, D. S. Weiss, Nature 440, 900 (2006).
[6] S. Hofferberth, I. Lesanovsky, B. Fischer, T. Schumm, and J.
Schmiedmayer, Nature 449, 324 (2007).
[7] S. Trotzky et al., Nature Phys. 8, 325 (2012).
[8] M. Gring et al., Science 337, 1318 (2012); T. Langen et al., Na-
ture Phys. 9, 640 (2013); T. Langen et al., Science 348, 207
(2015).
[9] F. Meinert et al.,Phys. Rev. Lett. 111, 053003 (2013).
[10] T. Fukuhara, P. Schauß, M. Endres, S. Hild, M. Cheneau, I.
Bloch, and C. Gross, Nature 502, 76 (2013).
[11] T. Langen, R. Geiger, M. Kuhnert, B. Rauer, and J. Schmied-
mayer, Nature Phys. 9, 640 (2013).
[12] E. H. Lieb and D. W. Robinson, Commun. Math. Phys. 28, 251
(1972).
[13] P. Calabrese and J. Cardy, J. Stat. Mech. P04010 (2005).
[14] A. Laeuchli and C. Kollath, J. Stat. Mech. P05018 (2008); H.
Kim and D. A. Huse, Phys. Rev. Lett. 111, 127205 (2013); S.
R. Manmana, S. Wessel, R. M. Noack, and A. Muramatsu, Phys.
Rev. B 79, 155104 (2009); P. Barmettler, D. Poletti, M. Cheneau,
and C. Kollath, Phys. Rev. A 85, 053625 (2012); G. Carleo, F.
Becca, L. Sanchez-Palencia, S. Sorella, and M. Fabrizio, Phys.
Rev. A 89, 031602 (2014); L. Bonnes, F. H. L. Essler, and A.
M. Lauchli, Phys. Rev. Lett. 113, 187203 (2014); R. Geiger, T.
Langen, I. E. Mazets, and J. Schmiedmayer, New J. Phys 16,
053034 (2014).
[15] G. De Chiara, S. Montangero, P. Calabrese, and R. Fazio, J.
Stat. Mech. P03001 (2006); C. K. Burrell and T. J. Osborne,
Phys. Rev. Lett. 99, 167201 (2007); J. H. Bardarson, F. Poll-
mann, and J. E. Moore, Phys. Rev. Lett. 109, 017202 (2012); R.
Vosk and E. Altman, Phys. Rev. Lett. 112, 217204 (2014).
[16] P. Hauke and L. Tagliacozzo, Phys. Rev. Lett. 111, 207202
(2013); J. Schachenmayer, B. P. Lanyon, C. F. Roos, and A. J.
Daley, Phys. Rev. X 3, 031015 (2013); P. Jurcevic et al, Nature
511, 202 (2014); P. Richerme et al, Nature 511, 198 (2014).
[17] J. Simon, W. S. Bakr, R. Ma, M. E. Tai, P. M. Preiss, and M.
Greiner, Nature 472, 307 (2011).
[18] B. M. McCoy and T. T. Wu, Phys. Rev. D 18, 1259 (1978).
[19] A. B. Zamolodchikov, arXiv:1310.4821; G. Delfino, P. Grinza,
and G. Mussardo, Nucl. Phys. B 737, 291 (2006).
[20] G. Delfino, G. Mussardo, and P. Simonetti, Nucl. Phys. B 473,
469 (1996); G. Delfino and G. Mussardo, Nucl. Phys. B 516, 675
(1998); G. Mussardo, J. Stat. Mech. P01002 (2011); G. Delfino,
J. Phys. A 37, R45 (2004); P. Fonseca and A. Zamolodchikov,
hep-th/0612304 (2006).
[21] M. J. Bhaseen and A. M. Tsvelik, arXiv:cond-mat/0409602.
[22] S. B. Rutkevich, J. Stat. Phys. 131, 917 (2008).
[23] See supplementary material.
[24] G. Vidal, Classical Phys. Rev. Lett. 98, 070201 (2007); R. Oru´s
and G. Vidal, Phys. Rev. B 78, 155117 (2008).
[25] P. Calabrese, F. H. L. Essler, and M. Fagotti, Phys. Rev. Lett.
106, 227203 (2011); J. Stat. Mech. P07016 (2012).
[26] M. Fagotti and P. Calabrese, Phys. Rev. A 78, 010306 (2008).
[27] M. C. Banuls, J. I. Cirac, and M. B. Hastings, Phys. Rev. Lett.
106, 050405 (2011).
[28] J. M. Deutsch, Phys. Rev. A 43, 2046 (1991); M. Sred-
nicki, Phys. Rev. E 50, 888 (1994); L. D’Alessio, Y. Kafri, A.
Polkovnikov, and M. Rigol, arXiv:1509.06411.
[29] M. Gring et al, Science 337, 1318 (2012); B. Bertini et al, Phys.
Rev. Lett. 115, 180601 (2015); T. Langen, T. Gasenzer, and J.
Schmiedmayer, arXiv:1603.09385.
[30] J. Abajo-Arrastia, J. Aparicio, and E. Lopez, JHEP 1011 (2010)
149; V. Balasubramanian et al, Phys. Rev. Lett. 106, 191601
(2011).
[31] T. Ishii, E. Kiritsis, and C. Rosen, JHEP 1508 (2015) 008; A.
Buchel, M. P. Heller, and R. C. Myers, Phys. Rev. Lett. 114,
251601 (2015).
1SUPPLEMENTAL MATERIAL
Real time confinement following a quantum quench to a non-integrable model
M. Kormos, M. Collura, G. Taka´cs, and P. Calabrese
Quantum quenches in the transverse field Ising chain
The Hamiltonian (1) in the main text with hx = 0 yields
the integrable transverse field Ising chain which can be diag-
onalised by mapping it (via a Jordan–Wigner transformation)
to a system of free spinless fermions
HTI =
∑
k
ε(k)a†kak + const. , (S1)
where a†k, ak are fermionic creation and annihilation operators
and the dispersion relation is given by
ε(k) = 2J
√
1− 2hz cos k + h2z . (S2)
The maximal velocity of these excitations is
vmax = max
k
ε′(k) = 2J min(1, hz) . (S3)
The time evolution following a sudden quench of the trans-
verse field h0z → hz has been analytically solved for many
observables in [S1]. Here we recall some results from these
works that are relevant to our current setup. The initial state
is the ground state of the pre-quench Hamiltonian which can
be written explicitly in terms of the eigenstates of the post-
quench Hamiltonian governing the time evolution. As these
eigenstates are free fermion Fock-states, this implies that the
initial state can be expanded as a superposition of many-
particle states
|ψ0〉 = N
∏
k>0
(
1 + iK(k)a†−ka
†
k
)
|0〉 , (S4)
where the normalisation constant is
N−2 =
∏
k>0
(
1 + |K(k)|2) . (S5)
The state (S4) is a coherent superposition of particle pairs cre-
ated with amplitude
K(k) = tan(∆k/2), (S6)
where ∆k is the difference of the Bogoliubov angles in the
diagonalisation of the initial and final Hamiltonians,
cos ∆k = 4J
2 hzh
0
z − (hz + h0z) cos k + 1
ε0(k) ε(k)
, (S7)
with ε0(k) being the dispersion relation (S2) evaluated at h0z .
The density of pairs is given by
n =
∑
k>0
|K(k)|2
1 + |K(k)|2 . (S8)
For small quenches, when hz − h0z is small, the amplitude
K(k) and the density of created particles will also be small.
Let us mention two examples which are relevant for the dis-
cussion in the main text. For h0z = 0 and hz = 0.25 the max-
imum of K(k) is maxk |K(k)| ∼ 0.12, which corresponds to
a maximum density of modes maxk nk ∼ 0.014. Oppositely
for a large quench such as from h0z = 2 to hz = 0.25, K(k)
diverges for k close to zero.
In Ref. [S1] the time evolution of the longitudinal mag-
netisation was calculated analytically. For quenches within
the ferromagnetic phase (h0z, hz < 1) it was found to decay
exponentially
〈σx(t)〉 ∝ exp
[
t
∫ pi
0
dk
pi
ε′(k) log | cos ∆k|
]
. (S9)
The equal time correlation function of the magnetisation
was also calculated in the so-called space time scaling limit,
` → ∞, t → ∞, vmaxt/` fixed. For quenches within the
ferromagnetic phase it is given by
〈σx0 (t)σx` (t)〉 '
exp
[
`
∫ pi
0
dk
pi
log | cos ∆k|θH(2ε′(k)t− `)
]
× exp
[
2t
∫ pi
0
dk
pi
ε′(k)t log | cos ∆k|θH(`− 2ε′(k)t)
]
.
(S10)
Here θH is the Heaviside θ-function which gives rise to a light
cone structure for the connected correlation function visible
in the first panel of Fig. 3 of the main text.
Semiclassical calculation of the meson dispersion relations
In the ferromagnetic phase (hz < 1) of the transverse field
Ising chain, in the absence of longitudinal magnetic field, the
elementary excitations are domain walls separating domains
of degenerate ground states having opposite non-zero longi-
tudinal magnetisation 〈σx〉. These domain walls propagate
freely in the system with dispersion relation given by Eq. (S2).
Turning on a longitudinal magnetic field causes a non-
perturbative change in the particle spectrum, first described
by McCoy and Wu [S2] in the continuum scaling limit of the
model. The main features of this change can be understood
based on the following semiclassical argument. A small non-
zero field hx lifts the degeneracy of the two ferromagnetic
ground states, and in particular, a domain with magnetisation
opposite to the external field will have energy proportional
2-3 -2 -1 0 1 2 3
3.0
3.5
4.0
4.5
5.0
Θ
Ω
HΘ
;0
L
(a)
-3 -2 -1 0 1 2 3
4.0
4.2
4.4
4.6
Θ
Ω
HΘ
,Q
L
(b)
FIG. S1: Semiclassical bound state energy levels in the “relative potential” ω(θ,Θ) from the solutions of Eqs. (S17). The dashed vertical lines
show the turning points θa,b. (a) Bound states for hz = 0.25, hx = 0.1,Θ = 0. (b) Bound states for hz = 0.5, hx = 0.1,Θ = 3.
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FIG. S2: Semiclassical bound state dispersion relation and the low energy spectrum. (a) Meson dispersion relations for hz = 0.25, hx = 0.1.
(b) Finite size spectrum for hz = 0.5, hx = 0.1. Dots are exact diagonalisation results, lines are the semiclassical approximation. Continuous
lines: 1-meson states of the first meson. Dashed lines: 1-meson states of the second meson.
to its length. Clearly, isolated domain walls have very high
energy so they cannot propagate freely anymore but they get
confined into bound states. In the literature these bound states
are often called “mesons” in analogy to the bound states of
strong interactions.
The number of stable mesons and their dispersion relations
can also be approximately computed based on this picture. In
the continuum field theory this problem was studied in Refs.
[S3, S4], while in the lattice system it was considered in Refs.
[S5, S6] which we follow closely below.
The external field induces a linear attractive potential be-
tween neighbouring domain walls which border a domain
having magnetisation in the direction opposite to hx. If d
is the distance between the domain walls, the potential is
V (d) = χ · d with χ = 2Jhxσ¯. Let us now consider two
fermions moving in one dimension as a classical system with
the Hamiltonian
H = ε(θ1) + ε(θ2) + χ|x2 − x1| . (S11)
For simplicity, the coordinates are taken to be real numbers as
in a continuum system, but the dispersion relation is taken to
be that in the lattice system. θ1, θ2 are the canonical conjugate
variables. After making the canonical transformation
X =
x1 + x2
2
, x = x2 − x1 , (S12)
Θ = θ1 + θ2 , θ =
θ2 − θ1
2
, (S13)
the Hamiltonian takes the form
H = ω(θ; Θ) + χ|x| , (S14)
3FIG. S3: Connected transverse spin-spin correlation function 〈σz1σzm+1〉c after quenching from the maximally ferromagnetic ground state at
hz = hx = 0 to the ferromagnetic point hz = 0.25 with different longitudinal magnetic fields hx = 0, 0.025, 0.05, 0.1, 0.2, 0.4.
where ω(θ; Θ) = ε(θ + Θ/2) + ε(θ − Θ/2). The canonical
equations of motion are
X˙(t) =
∂ω(θ; Θ)
∂Θ
, Θ(t) = Θ = const. , (S15)
x˙(t) =
∂ω(θ; Θ)
∂θ
, θ˙(t) = −χ sgn(x(t)) . (S16)
For a given value of the total momentum Θ, these equations
describe the relative motion of two particles. The solution
becomes simple if we think of q = θ as a spatial coordinate
and consider p = −x as the conjugate momentum: we have
the periodic motion of a particle with “kinetic energy” χ|p| in
the 1D potential ω(q; Θ). The energy levels can be obtained by
the Bohr–Sommerfeld quantization condition which becomes
more and more accurate as one moves to higher excited states.
When Θ < 2 arccoshz the function ω(q; Θ) has only one
minimum at q = 0 (see Fig. S1a) and this leads to [S6]
2En(Θ)θa −
∫ θa
−θa
dθ ω(θ; Θ) = 2piχ(n− 1/4) , (S17a)
where n = 1, 2, . . . and the turning point θa = θa(n; Θ) is
the solution of the equation
ω(θa(n; Θ); Θ) = En(Θ) . (S17b)
For Θ > 2 arccoshz the potential ω(θ; Θ) has two minima
(see Fig. S1b). Then for E > ω(0; Θ) the above treatment
is unchanged, but if E < ω(0; Θ), the classical motion takes
place in one of the two separated wells, and the semiclassical
energy levels are given by [S6]
En(Θ)(θa−θb)−
∫ θa
−θb
dθ ω(θ; Θ) = piχ(n−1/2) , (S18a)
with n = 1, 2, . . . and
ω(θa,b(n; Θ); Θ) = En(Θ) . (S18b)
The solutions of Eqs. (S17,S18) give the dispersion rela-
tions En(Θ) of the bound states. As an example, we plot the
dispersion relations of the four mesons for hz = 0.25, hx =
0.1 in Fig. S2a. The energy gaps (masses in particle physics
languages) of these states are
m1 = 3.662J, m2 = 4.127J, (S19)
m3 = 4.48J, m4 = 4.769J . (S20)
They cannot have arbitrarily large momenta Θ, at least semi-
classically, and higher lying mesons have flatter dispersion re-
4FIG. S4: Connected transverse spin-spin correlation function 〈σz1σzm+1〉c after quenching from the paramagnetic point hz = 2 to the ferromag-
netic point hz = 0.25 (top) and to the paramagnetic point hz = 1.75 (bottom) with different longitudinal magnetic fields hx = 0, 0.1, 0.2, 0.4
lations. Since their velocities are given by
vn(Θ) =
dEn(Θ)
dΘ
, (S21)
this means that the heavier mesons move more slowly. The
maximal velocities of the four mesons are
v1 = 0.274J, v2 = 0.166J, (S22)
v3 = 0.0937J, v4 = 0.0396J, (S23)
thus even the lightest meson has much lower velocity than the
unbounded domain walls which have maximal velocity v =
0.5J at this value of the transverse field.
For hx = 0.2 the semicalssical approximation provides two
mesons. Their mass gaps and maximal velocities are
m1 = 4.025J, m2 = 4.702J, (S24)
v1 = 0.188J, v2 = 0.0518J . (S25)
To test the accuracy of this semiclassical analysis, we com-
pare the energies of the mesons with the exact finite size spec-
trum obtained via exact diagonalisation. In Fig. S2b we
plot the low energy part of the spectrum as a function of the
length of the chain L together with one-particle dispersions
E1,2(2pik/L) where k is an integer. The agreement is very
good even for small lattices and for the lightest mesons.
Details of the iTEBD calculations
The iTEBD algorithm [S7] is based on the infinite Matrix
Product State (iMPS) description of one dimensional trans-
lational invariant lattice models in the thermodynamic limit
(thus it is free of any finite size effect). The canonical iMPS
representation of a generic many-body state is
|Ψ〉 =
∑
{s}
Tr[· · ·Γsjo ΛoΓsj+1e Λe· · · ]| · · · sjsj+1· · · 〉,
(S26)
where Γsjo/e are χ × χ matrices associated with odd/even lat-
tice sites, with sj spanning the jth-site Hilbert space in the
canonical basis {|↑z〉, |↓z〉}; similarly, Λo/e are diagonal ma-
trices with entries equal to the singular values associated with
the bipartition of the system onto the odd/even bonds.
Starting from a given state in MPS representation, the time
evolution is obtained with 2nd order Suzuki–Trotter approxi-
mation of the evolution operator, namely
e−iHdt '
⊗
j odd
e−ihdt/2
⊗
j even
e−ihdt
⊗
j odd
e−ihdt/2 , (S27)
where h is the local interaction between nearest neighbour
spins. Notice that even when the initial state and the post-
quench Hamiltonian are one-site shift invariant, this is par-
tially broken by the Suzuki–Trotter approximation. We fixed
the Trotter time step at dt = 0.005 (we verified that the data
are not affected by the time discretisation). As the entangle-
ment increases with time, the auxiliary dimension χ is dy-
namically updated in order to optimally control the truncation
error. At each local step, all the Schmidt vectors correspond-
ing to singular values larger than λmin = 10−16 are retained.
This condition is relaxed when χ reaches the maximal value
χmax ∈ [512, 1024], depending on the particular simulation.
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FIG. S5: Time evolution of the half-chain entanglement entropy after
a quench within the paramagnetic phase (main figures) and from the
ferromagnetic to the paramagnetic phase (subfigure), for different
values of the longitudinal field hx.
Because of the upper bound χmax, the truncation procedure is
the main source of error of the algorithm and puts limitations
on the maximum time accessible by the simulation.
The iMPS representation of initial states has been obtained
using iTEBD algorithm in imaginary time (except for the par-
ticular states | · · · ↑z · · · 〉 and | · · · ↑x · · · 〉 admitting an exact
iMPS representation with χ0 = 1). Starting from a simple
product state, we evolve it using (S27) with imaginary time
dt = −iτ = −0.001i. We verified that decreasing further
τ does not affect the final result within our numerical accu-
racy. Since during imaginary time evolution the iMPS loses
its canonical form, we implemented a procedure to restore it
as in [S8]. Finally, we checked the convergence of the al-
gorithm by looking at the energy density and increasing the
auxiliary dimension up to χ0 ∈ [8, 16]. The fact that we ob-
tained a very accurate description of the initial state with a
very small auxiliary dimension is mainly due to the mass gap
of the considered Hamiltonian. Indeed, for hz = 0.25, 0.5, 2
the system is far away from the critical point.
Some additional results
In this section we report some additional results for quan-
tum quenches within the Ising Hamiltonian that did not fit in
the main text for lack of space.
We start by considering the connected transverse spin-spin
correlation function 〈σz1σzm+1〉c for a quench within the ferro-
magnetic phase, namely from the initial state fully polarised
along xˆ (i.e. the ground state at hz = 0) to hz = 0.25 and
with different values of the longitudinal field hx (see Fig. S3).
As well known from the non-interacting case [S1], the overall
amplitude of the transverse correlations is smaller than that of
the longitudinal ones (notice a different color scale with re-
spect to Fig. 3 in the main text). As a confirmation of the
confinement scenario, we found that the light cone slopes are
equal to twice the maximum velocity of the mesons (full lines
in the figure) which is smaller than the domain wall speed
(dashed lines in the figure). In passing we mention that turn-
ing on the interaction hx creates a richer structure inside the
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FIG. S6: The time evolution of the half-chain entanglement entropy
after quenching only the longitudinal field hx within the ferromag-
netic phase at hz = 0.25. The curves for hx = 0.2, 0.4 have been
vertically shifted for the sake of clarity.
light cone of this correlation (notice the larger signal com-
pared to the non-interacting case).
Similar considerations apply for all other quenches to the
ferromagnetic phase. For example, in the top of Fig. S4 we
report the transverse correlations for a quench from the para-
magnetic phase (hz = 2, hx = 0) to hz = 0.25 and with dif-
ferent values of the magnetic field hx. Once again, the slopes
of the light cones are compatible with the maximum meson
velocities (full lines). Moreover, due to the faster spreading
of correlations for such a large quench, the entanglement en-
tropy grows much faster (see Fig. 6 in the main text) causing
a breakdown of the iTEBD simulations at earlier times.
Conversely, when the system is quenched to the paramag-
netic phase, there is no confinement because of the longitudi-
nal magnetic field. Indeed, the connected transverse correla-
tion functions reported in the bottom of Fig. S4 show that the
slope of the light cone is almost unaffected by the magnetic
field, but the dynamics inside the light cone changes consid-
erably. Such effects have already been seen in the main text
for the longitudinal correlation function. The absence of con-
finement after quenching to the paramagnetic phase is further
confirmed by the entanglement entropy. In Fig. S5 we show
the time evolution of the half-chain entanglement entropy for
different quenches to hz > 1. Independently from the initial
and final Hamiltonians, the entropy always grows linearly in
time and its slope (for small enough hx) is only slightly per-
turbed by the presence of a small longitudinal field.
Finally, as anticipated in the main text, we also report some
results about the power spectrum of the half-chain entangle-
ment for quenches to the ferromagnetic confining phase in
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FIG. S7: Power spectrum of the entanglement entropy after quenching only the longitudinal field hx. The vertical lines show the meson masses
mj and their differences mij = |mi −mj |. The DFT has been obtained from the time series up to T = 60 for hx = 0.2, 0.4 and T = 240
for hx = 0.1.
which we only quench the longitudinal field hx keeping hz
fixed at its pre-quench value. This choice is motivated by the
fact that in these quenches transient and drift effects are re-
duced, i.e. by keeping the transverse field constant we can
isolate the oscillating behaviour of the domain walls induced
by hx. In Fig. S6 we show the time evolution of the half-chain
entanglement entropy for quenches from hz = 0.25, hx = 0
to hz = 0.25, hx = 0.1, 0.2, 0.4. The spectral analysis of the
time series of the entanglement entropy S(t) is shown in Fig.
S7. In particular, for hx = 0.1 we used a very long time series
(up to T = 240) for the discrete Fourier transform (DFT) to
have a more refined frequency resolution. We are then in posi-
tion to resolve numerically the four meson masses and the six
differences. The agreement with the low density approxima-
tion is really impressive. For hx = 0.2, we can nicely resolve
the two masses and their difference. Instead for hx = 0.4 we
notice that we can clearly see the peak corresponding to the
mass m1, but we also see two other peaks which signal the
presence of at least another bound state which is not found in
the semiclassical treatment. This does not come completely
unexpected because hx = 0.4 is a relatively high value of the
longitudinal field for which the linear approximation for the
confining potential is probably not so accurate. To conclude,
we mention that for all the analysed data sets (for entropy and
magnetisation), the higher peaks in the power spectra always
correspond to the first meson mass m1 and to the first differ-
ence m12 (provided m2 exists).
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